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ABSTRACT

This paper presents a method to construct Mathieu stability plot for any arbitrary toroidal ion trap mass
analyser. The proposed method is demonstrated on two toroidal ion trap mass analyser geometries. Two
additional studies have also been carried out. These include prediction of ion secular frequency and ion
trajectories at resonances in these traps.

In this numerical study, toroidal multipole coefficients of the respective traps are first evaluated and
these are used for computing Mathieu parameters, a and q. These Mathieu parameters are used for
constructing the stability plot, predicting secular frequency of ion motion and evaluating nonlinear
resonances.

The stability regions of both the traps considered in this paper are qualitatively similar to the corre-
sponding plot of the linear ion trap mass analyser. There are, however two significant differences. First,
the stability plots for toroidal ion trap mass analysers have prominent resonances. Second the apices of
the stability plots of the toroidal ion trap mass analysers are different from those of the linear ion trap
mass analyser.

The secular frequency obtained using the Mathieu parameters in this paper agrees well with those

obtained numerically, except close to the stability boundaries.
Finally, the prominent nonlinear resonances have been identified as 8, = £ and §; = £ in both the

2 2
=3 =3

traps. In one of the two traps there is an additional prominent nonlinear resonance at 8, + 3, =1.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

A toroidal ion trap mass analyser can be viewed as a Linear Ion
Trap (LIT) [8] curved around and connected at the ends or as a
cross section of a Quadrupole Ion Trap (QIT) [1] rotated on edge
to form the toroid [3,5]. These traps have a larger trapping vol-
ume and reduced space charge effects for a given trap radius and
number of charges [3,8]. Toroidal ion traps come in broadly four
different configurations. The first consists of symmetric hyperbolic
electrodes [3], the second consists of asymmetric hyperbolic elec-
trodes [3]. The third configuration is a simplified geometry with
four cylindrical electrodes [2]. The final configuration is made of
planar electrodes [5].
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The stability of ions in ion trap mass analysers, such as the LIT
[23] and the QIT [1], are obtained using the Mathieu parameters a
and q [1]. In the ideal LIT, for instance, the Mathieu parameters a
and q are given by [23]

_ 4eUyc

= , (1)
mQ2r3
2eVrf
- , 2
a mQ2r3 (2)

where Uy and V¢ are DC and RF potentials applied across the trap
electrodes, €2 is angular frequency of RF drive, m and e are mass and
charge of the ion, ry is the radius of the trapping volume.

The Mathieu stability plot delineates the region on the a-q plane
where the ion motion in the two principal directions (x and y direc-
tions for the LIT and radial, r, and axial, z, directions for the QIT) are
simultaneously stable. For the ideal traps, analytical expressions
for the stability boundary are provided by the stable solutions of
equation of ion motion, which has the form of Mathieu equation
[1], in the two principal directions. When the traps have apertures
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Fig. 1. Schematic view of the HypSymm obtained from symmetric QIT (with apertures on endcaps) rotated on edge to form the toroid. (a) Three dimensional view and (b)

cross section in rz-plane.

and truncations or have simplified geometries such as the Recti-
linear Ion Trap (RIT) [14] and the Cylindrical Ion Trap (CIT) [21]
the Mathieu parameters are obtained using appropriate multipole
coefficients. The multipole coefficients for the CIT are obtained by
expanding the potential in terms of Legendre polynomials and for
the RIT these are obtained by expanding the potential in terms
of trigonometric functions. The a-q plane has also been used for
depicting the stability of ions in traps which use non-sinusoidal
waveforms for trapping ions, such as for depecting stability of ions
in digital ion traps [35,37-42]. An alternative representation of sta-
bility diagram for quadrupole ion traps with additional quadrupolar
excitation has also been discussed in the literature [36].

For an arbitrary toroidal ion trap mass analyser, however, there
is no systematic method to generate the stability plot on the a-q
plane. There are several reasons why the stability region for an arbi-
trary toroidal trap may be desired. For one, such plots would help
in characterising the trap. Parameters such as gpoundary, the q val-
ues at which ions get destabilized in the mass selection boundary
ejection method, can be obtained from such plots. Prominent reso-
nances within the trap can also be obtained. This latter information
would enable an experimenter to choose a specific nonlinear reso-
nance for carrying out the resonance ejection studies. Finally, and
perhaps importantly, such plots would enable comparison between
traps within the toroidal trap family, something which has so far not
been done. This last point’s importance lies in the fact that in recent
years several suggestions for different geometries for toroidal trap
mass analysers have been proposed. Without such “normalised”
plots on the a-q plane, evaluation of these geometries would not
be possible to pick a candidate geometry for detailed experimental
study.

This paper presents a method to construct Mathieu stability plot
for any arbitrary toroidal ion trap mass analyser geometry.

To generate the stability plots for toroidal ion trap mass analy-
sers, we rely on two studies, one by Higgs et al. [7] and the other
being our own [26]. These studies have provided the means to
describe potentials within the trap in terms of toroidal mutipole
coefficients as well as the relationship between the toroidal multi-
pole coefficients and the Mathieu parameters a and q.

Two arbitrary toroidal ion trap mass analyser geometries have
been taken up for investigation in the present study. To make these
simulations realistic, we have considered that the electrodes of the
mass analysers have apertures and that the electrodes are trun-
cated, a situation commonly encountered in practical traps. The
technique we propose is general and is not restricted to the example
geometries that we have considered in this study.

In the next section, the details of the two geometries have been
selected for investigation are provided. In Section 3, the numerical
methods used in this paper have been outlined. In Section 4, we

present the results and discussion. Finally in Section 5 we present
some concluding remarks.

2. Geometries considered

In this section we present two geometries that have been taken
up for our study. These geometries are similar to the geome-
tries presented by Lammert et al. [3]. Both the geometries have
hyperbolic-shaped electrodes. However, one of these geometries
has symmetric hyperbolic-shaped electrodes and another has
asymmetric electrodes.

2.1. The geometry HypSymm

The first geometry considered will be referred to as HypSymm.
This trap is obtained from symmetric QIT (with apertures on the
endcaps) rotated on edge to form the toroid. The apertures on the
endcaps of the QIT forms an annular shape apertures on endcaps
of HypSymm. This geometry is similar to the symmetric trap con-
sidered by Lammert et al. [3]. While Lammert et al. [3] have used a
stretched geometry QIT in our computations the QIT does not have
any stretch. Fig. 1(a) shows its three dimensional view. Its cross
section in rz-plane is shown in Fig. 1(b). Ry is the distance from the
origin to the mid-point between ring electrodes on the x-axis. rg is
the half distance between ring electrodes.

The equations for electrodes in rz-plane are given in Table 1. In
this table “Electrode” indicate the names of the electrodes shown
in Fig. 1(b). r(s) is parametric equation of radial component and
z(s) is parametric equation of axial component of the respective
electrode. sp,iy and Smax are the minimum and maximum values of
parameter s in the parametric equations of the respective electrode.
The values of constants in these parametric equations are taken to
be Ry =0.024 m, rg=0.01 m, oy =0.707, o3 =0.707 and z4 = 0.00076.

2.2. The geometry HypASymm

The second geometry considered will be referred to as
HypASymm. This trap is obtained from asymmetric QIT (with

Table 1

Parametric equations of outer surfaces of the trap HypSymm in rz-plane.
Electrode 1(s) z(s) Smin Smax
INNER RING Ro — o cosh(s) 1o sinh(s) —1.42 1.42
OUTER RING Ro + 19 cosh(s) a1 sinh(s) —1.42 1.42
ENDCAP1IN Ro — 1o sinh(s) Zq +aqTg cosh(s) 0.09 1.42
ENDCAP10UT Ro + 19 sinh(s) Zq +oprg cosh(s) 0.09 1.42
ENDCAP2IN Ro — 1o sinh(s) —2Zq — &1 Tg cosh(s) 0.09 1.42
ENDCAP20UT Ro + 19 sinh(s) —2Zq — 0o cosh(s) 0.09 1.42
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Fig. 2. Schematic view of the HypASymm obtained from asymmetric QIT (with apertures on endcaps) rotated on edge to form the toroid. (a) Three dimensional view and (b)

cross-section in rz-plane.

Table 2

Parametric equations of outer surfaces of the trap HypASymm in rz-plane.
Electrode r(s) z(s) Smin Smax
INNER RING Ro — 1o cosh(s) a1To sinh(s) -1.03 1.03
OUTER RING Ro + 19 cosh(s) 2T sinh(s) -1.42 1.42
ENDCAP1IN Ro — 1o sinh(s) Zq t a1 cosh(s) 0.07 1.03
ENDCAP10UT Ro +1¢ sinh(s) —Zq + a1 cosh(s) 0.07 1.42
ENDCAP2IN Ro —1g sinh(s) —24 — 1T cosh(s) 0.07 1.03
ENDCAP20UT Ro + 19 sinh(s) Zq — Q1o cosh(s) 0.07 1.42

apertures on the endcaps) rotated on edge to form the toroid.
The apertures on the endcaps of the QIT forms an annular shape
apertures on endcaps of HypASymm. This trap too similar to the
asymmetric trap considered by Lammert et al. [3]. Fig. 2(a) shows
its three dimensional view. Its cross section in rz-plane is shown in
Fig. 2(b).Rg is the distance from the origin to the mid-point between
ring electrodes on the x-axis. rg is the half distance between ring
electrodes.

The equations for electrodes in rz-plane are given in Table 2. In
this table “Electrode” indicate the names of the electrodes shown
in Fig. 2(b). r(s) is parametric equation of radial component and
z(s) is parametric equation of axial component of the respective
electrode. Syi, and Smax are the minimum and maximum values of
parameter s in the parametric equations of the respective electrode.
The values of constants in these parametric equations are taken to
be Rg=0.024 m, rp= 0.01 m, o1 = 1.8, @, =0.707 and z, =—0.0054.

3. Computational methods

The numerical methods used in the present study are described
below.

3.1. The Boundary Element Method (BEM)

We use the Boundary Element Method (BEM) to calculate charge
distribution on the surfaces of the electrodes of ion traps. We adopt
the method outlined in Tallapragada et al. [20] to obtain charge dis-
tribution. Potential and electric field are obtained from the charge
distribution.

3.2. Computation of ion trajectory

The trajectory of ion motion is computed by solving the follow-
ing differential equations using Runge-Kutta fourth order method
[29].

2
% —¢E 3)

where m is mass of the ion; e is charge of the ion; E is electric field
at time t and position r. This is obtained as follows

E = [Ugc + Vi cos(828)] Equaa (4)

where Uy, is DC potential; V¢ is RF potential; 2 is angular frequency
of the RF drive; Eqy,q is the field at position r obtained by applying
0.5V to ring electrodes and -0.5 V to endcap electrodes.

The computation of field Eqy,q, using BEM is slower and the
trajectory calculation using this, is further slower. In order to accel-
erate the computation we have used interpolated field in trajectory
calculations. This kind of technique is already used by Wu et al.
[21]. However our technique is slightly different in the following
sense. We use BEM field to obtain interpolated field, where as they
have used field obtained from finite difference method. Also in
our method the computation of electric field close to electrodes
is carried out with exact BEM.

In order to get interpolated field we select 100 by 100 grid in
the rectangle having vertices (0.95(Rg — rg), — 0.952p),(0.95(Rg +1g),
—0.95zp), (0.95(Rg —1g), 0.95z9) and (0.95(Rg +1g), 0.95zj) in rz-
plane. At each of this grid points axial and radial components of
electric field Eqyaq are computed using the BEM. The radial compo-
nents are stored in one array and the axial components are stored
in another array.

During the computation of trajectory at any time instant if the
position of the ion (r, z) is inside the region covered by the above
grid, the radial and axial components of Eqy,q are computed using
the following equations

El = mr+nz+n3 (5)
El=yr+yz+ys (6)

where 7; and y; are unknown quantities to be determined. This
method of computation is called linear interpolation. In order to
obtain ; and y;, we select three nearest neighbouring points to (r,
z) on the grid. Let these points be (rq, z1), (2, z3) and (r3, z3). and

the stored electric fields at these points are (E7,, EJ, ), (Ef,, EL,) and

(EL, E;). The values of 7; are computed by solving the following

system of equations

ElL =mri+mz1 + 13 (7)
El, = mir2 + m2z2 + 13 (8)
El = mrs+mz3+ 13 9)

and the values of y; are computed by solving the following system
of equations

B =yn+ynzi+ys (10)
EL =yira+v222 + v3 (11)
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EL =yirs+y2z3+ 3 (12)

In case the point (r, z) is outside the region covered by the grid
specified above we use the BEM to obtain the electric field.

In computation of stability region we use interpolated electric
field whereas the trajectory computation for finding secular fre-
quency of ion motion and trajectories at nonlinear resonances is
done using exact BEM.

3.3. Determination of toroidal multipole coefficients

The potential in toroidal ion trap in terms of toroidal coordinates
(o, 7)[30] is of the form

(o, 1) = ag/cosht —coso Q_;(cosht)+ y/cosht —coso
2

oo

X Z[av cos(va) + by sin(uo)]Qvf%(cosh T) (13)

v=1

where (o, ) is potential at the point (o, t)and Q, ;1 (.) are associ-
2

ated Legendre functions of second kind [31]. a, and b, are toroidal
multipole coefficients [26].

Three methods have been discussed in [26] for the determina-
tion of a, and b,. Of these methods, one method uses least square
(LS) fit to the potentials obtained numerically on a grid of points in
the trapping region. Another method uses Discrete Fourier Trans-
form (DFT) of potentials that are obtained numerically on a constant
7 circle within the trapping region. The remaining method uses sur-
face charge distribution which is computed using the BEM. In this
paper we have used the last method which uses surface charge dis-
tribution (referred as SC-BEM in [26]) to obtain the coefficients a,
and b,.

3.4. Determination of the stability region

The stability region of a given geometry with fixed geometry
parameters is found by the following procedure.

We consider a region consisting of a toroid having rectangular
cross section enclosed by the trap electrodes. The trapping circle
is assumed to lie within this region. Ry — g is lower bound, Ry +1g
is upper bound in radial direction of this region. Similarly —zg is
lower bound and +zg is upper bound in axial direction. This region
will define the region within which ion motion is considered to be
stable. If amplitude of ion motion is equal to or larger than this limit,
the motion is considered to be unstable.

All simulations have been carried out on an ion of mass to charge
ratio of 78 Th with RF frequency 1 MHz. The initial conditions for
all simulations are the same, namely, the position of the ion is on
the trapping circle (considered to be the center of the trap) and the
initial velocity has been set at 500 ms~! in x-direction, 500 ms~!
in y-direction and 500 ms~! in z-direction. This velocity is equiv-
alent to 0.303 eV initial kinetic energy. The simulations have been
carried out for different combinations of Uy. and V¢, Uy varying
from -1000V to 1000V in steps of 1V and V,; varying from 0 to
2000Vq_, in steps of 1Vg_p. To check the stability of an ion, we
begin with an initial value of Uy and an initial value of V. These
values are inserted in Eq. (4) and the equation is solved using the
fourth order Runge-Kutta method. The ion motion is allowed to
evolve for 10 ms in steps of 10 ns. If within this 10 ms the ampli-
tude of the ion motion equals or exceeds the region of stability, ion
motion is labelled as “unstable”. Else it is labelled as “stable”. Once
the initial combination of Uy and V;¢ has been checked for stability
of ion motion, for the same value of Uy a new value of V¢ is cho-
sen and similarly check for stability. In this way the entire range of
Ugqc and Vi are scanned for ion stability. The stored values of Uy,

and V¢ for which stable motion is observed is used to compute the
Mathieu parameters.

The Mathieu parameters are computed from Ug. and V¢ using
[26]'

4€Udc)\]
=— 14
ar mo? (14)
2€Vrf)\,1
- _ 15
qr me? (15)
a; = —ay (16)
qz = —qr, 17)

where a; and qr are related to x-direction ion motion, a, and q; are
related to z-direction motion. The value of A in Egs. (14) and (15)
is given by

_ 3
T 16a2V2

where a is the radius of the focal circle (the trapping circle), ag, a
and b, are toroidal multipole coefficients [26]. Once these multi-
pole coefficients are known, a numerical simulation of the stability
region generated on a U4.-V,¢ plane can be converted to a-q plane.

The derivation details of Mathieu parameters defined in Eqs.
(14) to (17) are discussed in [26]. The parameter A7 in these equa-
tions is dependent on the radius of the trapping circle, the toroidal
multipole coefficients ag, a; and b,. The radius of the trapping cir-
cle is computed using the Newton method of root finding applied
to electric field vector. The toroidal multipole coefficients are com-
puted using the method is discussed in Section 3.3. These multipole
coefficients are obtained with 0.5 V on ring electrodes and —0.5 V
on endcap electrodes.

1 (2a0 — az)* + b3, (18)

3.5. Secular frequency computation

In this paper, the secular frequency of ion motion is obtained in
two independent methods and they are compared with each other.

In the first method the numerical trajectory of ion motion is
determined. The trajectory is computed for 10 ms long using the
Runge-Kutta fourth order method in steps of 10 ns. At initial step
the ion is kept on the trapping circle in xz-plane with zero velocity
inx, y-directions and 500 ms~! in z-direction. In the computation of
trajectory using Runge-Kutta method exact BEM field is used. From
the numerical trajectory, the secular frequency is obtained with
the open source program harminv [34,32,33|. Harminv has greater
accuracy in extracting the frequencies compared to the Fast Fourier
Transform (FFT) method [44| when the number of sinusoids present
in the signal is small, as is the case in our simulations. We label this
method as “Numerical” in the figures and text.

The second method uses the Mathieu parameters shown in Eqs.
(16) and (17). Using these parameters the value of 8, [27] (the con-
tinued fraction approach for computing §; in [1] will give the same
result) is computed and the secular frequency of z-direction ion
motion is given by

.
=" (19)

where fis the frequency of the RF drive. This method of determina-
tion of secular frequency is denoted by “Predicted” in the figures.

! The Mathieu parameters ar, qr, a; and gz, in [26] are referred to Auathieut, qMathieut
AMathieu2 aNd Guathien2 T€Spectively, in this study.
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3.6. Evaluation of nonlinear resonances

It will be seen in the results we present below that there are
prominent regions within these plots where the ions are unstable.
In order to evaluate what these nonlinear resonances are we take
three points within each of these observed resonances, in both the
traps, and compute respective 8, and 8, [1,27]. By using linear fit to
these three values the equation of nonlinear resonance was found
and assigned on the stability plots.

4. Results and discussions

In this section we present the results of our study. They have
been divided into three sub sections, viz., (1) Stability region,
(2) Secular frequency and (3) Nonlinear resonances. In each of
these subsections the results of the two geometries, HypSymm and
HypASymm, will be presented.

In our study we have taken the frequency of RF drive as f=1 MHz
and the mass of ion is taken to be 78 Th. The trap dimensions have
been given in Section 2.

4.1. Stability regions

The stability regions for the traps HypSymm and HypASymm
are obtained using the method described in Section 3.4.

4.1.1. HypSymm

The stability region for the trap HypSymm in Ugy.-V,¢ plane
is shown in Fig. 3. These values are then transformed into a-q
plane using Eqgs. (16) and (17). In these equations, the computa-
tion of Mathieu parameters a and g involve A4 shown in Eq. (18).
Which requires toroidal multipole coefficients ag, a; and b,. These
multipole coefficients are computed using the method described
in Section 3.3 and are shown in Table 3. The computed Mathieu
parameters are plotted in a plane with g, along horizontal axis and
a; along vertical axis. This plot is shown in Fig. 4.

The last stable value of g, along the line a; =0 is gpoundary- FOT
the trap HypSymm gpoundary = 0.889.

-50}

=100~

=150

-200

I 1 1 L 1
0 200 400 600 v 800 1000 1200 1400
ri

Fig. 3. Stability region of the trap HypSymm in terms of RF and DC potentials.
Table 3

Multipole coefficients for the traps HypSymm and HypASymm that are used to
obtain Mathieu parameters.

Trap ao a, b,
HypSymm -0.079 14.590 0
HypASymm 0.052 10.391 0

0.25 T T T T T T T T

0.2

0.15

Fig. 4. Stability region of the trap HypSymm in terms of Mathieu parameters with
marked apices and Gpoundary-

064 066 068 07 072 074 076 078 08 082

r

Fig. 5. Magnified view of portion in Fig. 4 that contains nonlinear resonances.

The (az, q.) values of apices are (—0.220, 0.704) and (0.222,
0.709). The apex along the line a; =0 is shifted to (0.031, 0.921).

In order to see the prominent nonlinearities in the stability
region a magnified view of of portion in Fig. 4 is shown in Fig. 5.
It is evident from this figure that the prominent nonlinearities are
along the curves 8, = % Br+pBz=1and B; = % These curves are
obtained by the method described in Section 3.6. We have observed
that along nonlinear resonance curves the ion ejection occurs in the

radial direction for the initial conditions chosen in our study.

4.1.2. HypASymm

The stability region for the trap HypASymm in Ugc-V;¢ plane
is shown in Fig. 6. These values are then transformed into a-q
plane using Eqgs. (16) and (17). In these equations, the computa-
tion of Mathieu parameters a and g involve A1 shown in Eq. (18).
Which requires toroidal multipole coefficients ag, a; and b,. These
multipole coefficients are computed using the method described
in Section 3.3 and are shown in Table 3. The computed Mathieu
parameters are plotted in a plane with g, along horizontal axis
and a; along vertical axis. This plot is shown in Fig. 7. It is to be
noted that the stability region of the trap HypASymm is much more
symmetric with respect to a, =0 axis when it is compared to the
trap HypSymm. Also the boundaries of stability region of the trap
HypASymm are smoother in comparison to the stability region of
the trap HypSymm. In the stability region of HypASymm, only two
nonlinear resonance curves are observed.
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Fig. 6. Stability region of the trap HypASymm in terms of RF and DC potentials.
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Fig. 7. Stability region of the trap HypASymm in terms of Mathieu parameters with
marked nonlinear resonances, apices and Gpoundary-

The last stable value of g along the line a;=0 is gpoundary- FOT
the trap HypASymm @poundary =0.901.

The (az, q;) values of apices are (—0.232, 0.699) and (0.218,
0.696). The apex along the line a,=0 is shifted to (0.004, 0.904).
This shift is much smaller in comparison to the shift in the trap
HypSymm.

It is evident from the stability region shown in Fig. 7, that the
prominent nonlinearities are along the curves §, = % and B; = %
These curves are obtained by the method described in Section 3.6. It
is to be noted that the nonlinear resonance fr + 8, =1 is not present
for this trap, which was there for the trap HypSymm. We have
observed that along nonlinear resonance curves the ion ejection
occurs in the radial direction for the initial conditions chosen in
our study.

In summary gpoundary. the apices, and the apex along the line
a;=0 for the traps HypSymm and HypASymm are presented in
Table 4.

Table 4
Apices (az, qz) and qyoundary for HypSymm and HypASymm.

Trap Lower apex Upper apex Right apex Gboundary
HypSymm (-0.220,0.704) (0.222,0.709) (0.031,0.921) 0.889
HypASymm  (-0.232,0.699) (0.218,0.696)  (0.004,0.904) 0.901

4.2. Secular frequency

In this section, the secular frequencies obtained using both the
methods described in the Section 3.5, will be compared for the traps
HypSymm and HypASymm. In the first method the Mathieu param-
eters a and q will be used to compute the secular frequency. This
will be compared with the secular frequency obtained numerically.

4.2.1. HypSymm

In order to compare the secular frequencies with “Predicted”
secular frequencies we need Mathieu parameters. The computation
of Mathieu parameters involve A1 shownin Eq. (18). This parameter
A1 is computed using the multipole coefficients shown in Table 3.
Once the Mathieu parameters are known the value of 8, is com-
puted. From which the “Predicted” secular frequencies are obtained
using Eq. (19).

The secular frequencies obtained using Mathieu parameters are
shown in Fig. 8. In which Fig. 8(a) shows comparison of numerical
and predicted secular frequencies. In this plot g, is shown along
horizontal axis and secular frequencies are presented along ver-
tical axis. It should be noted that there is good match between
numerical secular frequencies and predicted secular frequencies.
It is observed that there is a gap in Fig. 8(a), which can be seen
clearly in inset. This gap is due to the unstable motion of ion in
that region. The ratio of the RF potentials at the gap to the bound-
ary is 0.864. This ratio is close to the ratio 0.85 observed by Higgs
and Austin [7] for pure quadrupole toroidal ion trap. The Mathieu
parameter at the gap is g, =0.784 and at the boundary g, =0.907.

It is to be noted that from the discussion of stability region of
the trap HypSymm presented in Section 4.1.1, gpoundary = 0.889. This
value is slightly lower than the present value 0.907. This is because
in the present case, the initial velocities in x and y-direction are
zero and 500ms~! in z-direction. Where as in Section 4.1.1 the
initial velocity in all x, y and z-directions is 500 ms~!. That is the ini-
tial kinetic energy of ion for generating stability regions is higher,
in comparison to the initial kinetic energy for generating secular
frequencies. Hence there is a slight shift in the boundary.

Fig. 8(b) shows percentage of relative error in “Predicted” sec-
ular frequency in comparison to “Numerical” secular frequency. In
this plot q; is shown along horizontal axis and percentage of error
relative to numerical secular frequency is presented along vertical
axis. The presence of this error is due to nonlinearities in the field.
The error is larger at lower g, values and near boundary. The larger
error in the frequency for smaller g, values is possibly due to larger
oscillation amplitudes. Which is due to weak field at smaller g, val-
ues in comparison to larger g, values. Near the boundary the ion
will have larger oscillation amplitudes as it is close to instability.
Which in turn cause larger error in the predicted frequency.

4.2.2. HypASymm

In order to compare the secular frequencies with “Predicted”
secular frequencies we need Mathieu parameters. The computation
of Mathieu parameters involve A1 shownin Eq. (18). This parameter
A1 in these equations is computed using the multipole coefficients
shown in Table 3. Once the Mathieu parameters are known the
value of B, is computed. From which the “Predicted” secular fre-
quencies are obtained using Eq. (19).

The secular frequencies obtained using Mathieu parameters are
shown in Fig. 9. In which Fig. 9(a) shows comparison of numerical
and predicted secular frequencies. In this plot g, is shown along
horizontal axis and secular frequencies are presented along vertical
axis. It should be noted that there is good match between numerical
secular frequency and predicted secular frequency. It is observed
that there is a gap in Fig. 9(a), which can be seen clearly in inset.
This gap is due to the unstable motion of ion in that region. The
ratio of the RF potentials at the gap to the boundary is 0.863. Here
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too, this ratio is close to the ratio 0.85 observed by Higgs and Austin
[7] for pure quadrupole toroidal ion trap. The Mathieu parameter
at the gap is g, =0.782 and at the boundary g, =0.905.

It is to be noted that from the discussion of stability region of
the trap HypASymm presented in Section 4.1.2, qpoundary =0.901.
This value is slightly lower than the present value 0.905. This is
because in the present case, the initial velocities in x and y-direction
are zero and 500 ms~! in z-direction. Where as in Section 4.1.2 the
initial velocity in all x, y and z-directions is 500 ms~!. That is the
initial kinetic energy of ion for generating stability regions is higher,
in comparison to the initial kinetic energy for generating secular
frequencies. Hence there is a slight shift in the boundary.

Fig. 9(b) shows percentage of relative error in “Predicted” sec-
ular frequency in comparison to “Numerical” secular frequency. In
this plot q; is shown along horizontal axis and percentage of error
relative to numerical secular frequency is presented along vertical
axis. The presence of this error is due to nonlinearities in the field.
The error is larger at lower g, values and near boundary. The larger
error in the frequency for smaller g, values is possibly due to larger
oscillation amplitudes. Which is due to weak field at smaller g, val-
ues in comparison to larger g, values. Near the boundary the ion
will have larger oscillation amplitudes as it is close to instability.
Which in turn cause larger error in the predicted frequency. How-
ever the error is quite small in comparison to the trap HypSymm.

This is because the field inhomogeneities in the trap HypASymm
are smaller in comparison to the trap HypSymm.

4.3. Nonlinear resonances

In this section we will show plots of the ion trajectories in the
radial (both x and y) and z-directions as well as on the xz-plane.
These trajectories are plotted at the point on the gap shown in the
Fig. 8(a)for the trap HypSymm and Fig. 9(a) for the trap HypASymm.
This is done to confirm that the ion ejection does indeed occur in
this region. As mentioned earlier, the mass of the ion is taken to
be 78 Th. The initial position of the ion is kept on trapping circle in
xz-plane. The initial velocity in x, y-directions is kept at 0ms~! and
the initial velocity in the z-direction is taken to be 500 ms~!.

4.3.1. HypSymm

The trajectory at q,=0.784 (corresponding to Uy.=0 and
Vi¢=1105Vq_p) in the trap HypSymm is shown in Fig. 10. The trajec-
tory along x-direction is shown in Fig. 10(a) and the last few cycles
of trajectory are shown in inset. This trajectory shows increase in
the amplitude of x-direction motion and finally ion ejection takes
place after 800 us. The direction of ejection is radially outward as
can be seen from the last few cycles of the trajectory shown in
inset of x-direction trajectory. The y-direction trajectory is shown



20 A.N. Kotana, A.K. Mohanty / International Journal of Mass Spectrometry 414 (2017) 13-22

29 T T

g

27F 25

261

810 @ 815 820 &5

x(m

241

231

22r

21~

() 200 600 800 1000

z (mm)

0 200 40

0 6(.!0 800 1000
t(us)

(©)

320 825

1 . .
o8 . . . . 4
06}
04f
02t ‘ i : 1

y (mm)

600 800 1000

200

z (mm)

) 22 24 26 28 30
X (mm)

(d)

Fig. 10. Ion trajectory evolution in HypSymm. (a) x-direction trajectory with respect to time, (b) y-direction trajectory with respect to time, (c) z-direction trajectory with

respect to time and (d) trajectory in xz-plane.

in Fig. 10(b). This plot shows that there is no evolution in the
amplitude along y-direction. The z-direction trajectory is shown
in Fig. 10(c) and last few cycles of the trajectory are shown in inset.
It can be concluded from the last few cycles of the trajectory shown
in inset that the ion is stable along z-direction. Also the amplitude
of ion motion from the trapping center remain within 0.3 mm. The
trajectory in xz-direction is shown in Fig. 10(d). This figure also
indicates that the ion ejection occurs in the radial (x) direction.

It should be noted that g, =0.784 give B, = 2. Which is similar
to nonlinear resonance point in the trap QIT having cubic term in
the potential or quadratic term in the field [10,43].

4.3.2. HypASymm

The trajectory at q;=0.785 (corresponding to Uy.=0 and
Vif=1675Vo_p) in the trap HypASymm is shown in Fig. 11. The
trajectory along x-direction is shown in Fig. 11(a) and the last
few cycles of trajectory are shown in inset. This trajectory shows
increase in the amplitude of x-direction motion and finally ion ejec-
tion takes place after 350 us. The direction of ejection is radially
inward as can be seen from the last few cycles of the trajectory
shown in inset of x-direction trajectory. The y-direction trajectory
is shown in Fig. 11(b). This plot shows that there is no evolution in
the amplitude along y-direction. The z-direction trajectory is shown
in Fig. 11(c) and last few cycles of the trajectory are shown in inset.
Similar to x-direction motion, here too the amplitude of ion motion
in z-direction increases. However, the ion is stable in z-direction.
This can be seen from last few cycles of z-direction trajectory shown
in the inset of Fig. 11(c). The trajectory in xz-direction is shown in

Fig. 11(d). This figure also indicates that the ion amplitude increases
in x-direction as well as in z-direction.

5. Concluding remarks

This paper presents a method to delineate the regions of stabil-
ity of toroidal ion trap mass analysers on the a-q plane. Two toroidal
trap mass analysers, labelled as HypSymm and HypASymm are con-
sidered. In addition to evaluating the stability region, we have also
carried out two other studies, which includes prediction of secular
frequencies and ion trajectories at resonances.

For computing stability region, the combination of Ug. and V¢
values for which ion motion is stable is first obtained. These poten-
tials are transformed into a and q values using Eqgs. (16) and (17)
for the given trap.

The stability plots of both the traps have regions of nonlinear
resonances along fr = % and 8, = % In addition to these, the non-
linear resonance curve B;+ ;=1 for the trap HypSymm is also
present. These resonances occur possibly due to hexapole and
octopole contributions to the field in the toroidal ion traps. In order
to confirm this further investigation is required.

In the second study we have compared secular frequencies along
Uy =0 line obtained from obtained from the Mathieu parameters
with those obtained numerically. It is observed that there is a good
match of the frequency obtained using the Mathieu parameters a
and q with those obtained numerically.

In the third study we have presented trajectories of ion motion at
the nonlinear resonance point g, = 0.784 (HypSymm) and g, = 0.785
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Fig. 11. lon trajectory evolution in HypASymm. (a) x-direction trajectory with respect to time, (b) y-direction trajectory with respect to time, (c) z-direction trajectory with

respect to time and (d) trajectory in xz-plane.

(HypASymm). These trajectories indicate that the ion ejection
occurs in the radial direction for the initial conditions chosen in
our study.

Some general observations can be made on the basis of our
study. The stability regions of both the traps considered in this
paper are qualitatively similar to the corresponding plot of the LIT,
but there are two significant differences. The most important dif-
ference is the presence of gaps in the stability regions of the two
toroidal traps compared to the stability region for the ideal LIT.
A second difference is that the apices are also different, more for
HypSymm than for HypASymm.
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