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a b s t r a c t

This study presents a method to obtain power series expansions of toroidal harmonics in terms of radial
and axial distances from the trapping circle. In order to obtain the power series expansion of individual
toroidal harmonics, three-term recurrence relations are derived, which involve toroidal harmonics of
order n� 1, n, nþ 1 and derivative of toroidal harmonic of order n. Using these three-term recurrence
relations a systematic procedure is presented to obtain the power series expansion for a toroidal har-
monic of arbitrary order, up to the desired number of terms. With this procedure, the power series
expansions of toroidal harmonics till order 5 are presented.

Verification of this theory was carried out on an arbitrary toroidal ion trap. The potential and the
trajectory of a singly charged ion of 78 Th obtained by the power series were compared with those
computed using the Boundary Element Method (BEM). The match was found to be very good.

© 2019 Elsevier B.V. All rights reserved.
1. Introduction

Toroidal ion traps are a new class of ion traps described in
Ref. [1]. Toroidal ion traps consist of electrodes which are obtained
by rotating cross-section of point trapping devices such as trun-
cated Quadrupole Ion Trap (QIT) [2] or the Cylindrical Ion trap (CIT)
[3] about an axis not passing through the trapping center.

In these devices, trapping occurs on a circle referred to as the
trapping circle [4,5]. This is in contrast to the QIT and the CIT, in
which trapping occurs at a point. Due to this difference in the
trapping pattern, toroidal ion traps have advantages over QIT, such
as having a larger trapping region and lower space charge effect [4].

Several experimental [1,6e14] and numerical [1,5,11,15e20]
studies have been carried out on toroidal ion trap mass analysers
with a variety of geometries. These geometries fall into three broad
groups: the first group consists of curved electrodes such as hy-
perbolic surfaces or doughnut-shaped surfaces [1,4,6,7,10e13,15];
the second group consists of electrodes with flat cylindrical sur-
faces and annuli [8,15,20]; and the third group consists of planar
electrodes [9,14].

In order to understand the working of toroidal ion traps, an
A.N. Kotana), amohanty@iisc.
analytical description of the potential is required. Because the
trapping of ions occurs on a circle and not at a point, the spherical
harmonics that are used to describe the potential in point trapping
devices cannot be used for toroidal ion traps. It is for this reason
that a new approach has been adopted in the literature to describe
the potential using toroidal multipole expansion [16,19]. This
expansion is in terms of toroidal harmonics and the coefficients of
these harmonics are called toroidal multipole coefficients.

A recent study [5] has provided three numerical methods to
evaluate the toroidal multipole coefficients. However, each term of
this expansion is far more complex than the spherical multipole
counterpart of point trapping devices [21]. While the terms of the
spherical harmonic multipole expansion are polynomials, the
toroidal harmonics are not polynomials. The toroidal harmonics
vary in a complicated way in both the radial and axial directions.
Further these harmonics do not provide an easy description of
variation of potential terms of radial and axial distances as provided
by spherical harmonics for point trapping devices.

The power series representation of potential in point trapping
devices, such as the QIT and the CIT, enabled researchers to analyze
potentials [3,21e23] and trapped ion dynamics due to field in-
homogeneities [22,24e32]. The understanding of fields helped in
trap design [3]. In contrast, the toroidal multipole expansion does
not provide a similar description.

With this background, a power series expansion for each
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Fig. 1. Steps involved in obtaining power series expansion.

1. Solution of the Laplace equation: Given any toroidal trap geometry, a Laplace
equation solver is used to compute potential and field within the trap with a
given set of applied potentials. This solver could use the Finite Difference
Method (FDM) eg. SIMION [33], the Finite Element Method (FEM) eg. ANSYS
[34], or the Boundary Element Method (BEM) [23,35]. In the present study, a
BEM package developed in-house has been used.

2. Determination of the trapping circle: Having the ability to compute the field, the
next step is to find where the field is zero. This is done numerically. In the
present study a two-dimensional Newton-Raphson method [36] is used. The
circle perpendicular to the axis of rotational symmetry of the toroidal ion trap,
and passing through the zero-field point, is called the trapping circle and is used
as the reference circle for the toroidal multipole expansion [5].

3. Determination of themultipole expansion: The next step is to obtain the toroidal
multipole expansion. This can be obtained using any one of the methods out-
lined in Ref. [5].

4. Determination of the power series expansion: This is the main contribution of
the present study. Given the multipole expansion it provides a power series
expansion of the potential in terms of radial and axial distances from the
trapping circle.

1 The details of derivation of these parameters are discussed Ref. [5].
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toroidal harmonic in terms of radial and axial distances from the
trapping circle has been developed. With this, it is possible to
obtain a power series expansion of the potential and fields as a
function of the radial and axial distances from the trapping circle.
The derivation presented here is elegant in that it is shown that the
power series of higher order harmonics are all obtainable from the
lowest order harmonic using three-term recurrence relations. The
theory that has been developed in this paper has been numerically
verified.

This paper has two principal contributions. The first is that it
provides the relationship between toroidal harmonics of different
orders. The second is that it provides a power series in a form that is
particularly convenient for mass spectrometry.

As a caveat it is emphasized that this study is limited to the
derivation of power series for describing potential and field inside
the toroidal ion trap. Although the analysis of performance char-
acteristics of a toroidal trap is not within the scope of the present
study, a brief example of how these power series could be used to
predict nonlinear resonance has been included to give a flavor of
the possible applications of these power series.

Section 2 presents the computational methods used and in
Section 3, the required theory is presented. Finally, the results are
presented in Section 4.

2. Computational methods

2.1. Overview

To give an overview of the contribution of this study, Fig. 1
presents the steps that need to be taken to obtain the power se-
ries. These steps are briefly described below.

Steps 1, 2, and 3 are available in the literature. Step 4 will be
discussed in Section 3, Theory below.

2.2. The boundary element method

The boundary element method is used for computing the po-
tential and field at an arbitrary point. This method has been
described in detail by Tallapragada et al. [35].

2.3. Trajectory computation

The equations of ion motion in the toroidal ion trap presented in
this paper are non-linear coupled ordinary differential equations.
These are difficult to solve analytically. The Runge-Kutta fourth
order method (a numerical method) was used to solve the equa-
tions [37].

2.4. Determination of toroidal multipole coefficients

The potential in an arbitrary toroidal ion trap is modelled using
an infinite series of toroidal harmonics. The coefficients in the se-
ries are called toroidal multipole coefficients. Three different
methods have been reported to compute these multipole co-
efficients in Ref. [5]. In the present study, the SC-BEM method was
used to obtain the toroidal multipole coefficients [5].

In order to compute the multipole coefficients, the trapping
circle needs to be determined. This circle was obtained numerically
by locating points within the trapping region at which field is zero.
This was done using the Newton-Raphson method [36].

2.5. Computation of mathieu parameters

The Mathieu parameters ar and qr, az and qz are required to
compute br and bz [38,39]. These parameters br and bz are useful in
describing regions of non-linearities in the stability plot of a given
toroidal trap [18].

The parameters ar and qr are related to the radial direction ion
motion; az and qz are related to the axial direction ion motion.
These are computed using the following formulae [18].1

ar ¼4eUdcl1

mU2 (1)

qr ¼ � 2eVrfl1

mU2 (2)

az ¼ � ar (3)

qz ¼ � qr; (4)

where Udc is d.c. potential, Vrf is amplitude of r.f. potential and U is
angular frequency of r.f. potential applied to the trap electrodes. The
value of l1 in Eqs. (1) and (2) is given by



Fig. 2. Toroidal coordinates system. Pðx; y; zÞ is an arbitrary point in the Cartesian
coordinate system. O is the origin and, the projection of P in the radial plane is denoted
by N [5].
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l1 ¼
3p

16a2
ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2a0 � a2Þ2 þ b22

q
; (5)

where a is radius of the trapping circle; a0, a2 and b2 are the
toroidal multipole coefficients [5].

3. Theory

This section presents the theory developed to express the po-
tential within the toroidal ion trap in the form of power series. This
will be used to derive equations of ion motion in toroidal ion trap.

Since this section is lengthy, it has been divided into several
subsections. These include 3.1 Toroidal harmonics, 3.2 Three-term
recurrence relations for toroidal harmonics, 3.3 Power series
expansion for the lowest order toroidal harmonic T0, and 3.4 Power
series expansion of toroidal harmonics T1 through T5 and U1
through U5. Finally, Power series expansion for describing the po-
tential inside a toroidal ion trap and Equations of ion motion in the
toroidal ion trap will be presented in Sections 3.5 and 3.6,
respectively.

3.1. Toroidal harmonics

A schematic view of the toroidal coordinate system [40] is
shown in Fig. 2. An arbitrary point in the toroidal coordinate system
is denoted by Pðs;t;4Þ. The reference circle2 of radius a, shown in
the radial plane of this figure, is the focal circle. The line passing
through the origin and the projection of point P on the radial plane
intersects the focal circle at two different points F1 and F2. The
longest distance PF1 from P is defined to be d1 and the shortest
distance PF2 from P is defined as d2. The parameter t is defined as
log
�
d1
d2

�
, and s is defined by the angle between PF1 and PF2. The

angle 4 is defined to be the angle subtended with the x-axis by the
line joining the origin and the projection of P in the radial plane.
The distance of the projection of P on the radial plane from the
2 In the context of toroidal ion traps the trapping circle is used as the reference
circle.
origin is denoted by r and is given by r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. It is to be noted

that in the mass spectrometry literature what is denoted r here is
denoted by r. We used r in all geometry diagrams, however to be
consistent with mathematical text books [40,41] we use r in our
derivations and reserve the symbol r for the distance from the
origin. The toroidal coordinates and Cartesian coordinates are
related by x ¼ a sinh t

cosh t�cos s
cos 4, y ¼ a sinh t

cosh t�cos s
sin4,

z ¼ a sin s
cosh t�cos s

and r ¼ a sinh t
cosh t�cos s

[40].
As mentioned earlier, the trapping of ions in toroidal traps oc-

curs on a circle. This circle is considered as the focal circle for the
toroidal coordinate system. Usually this circle lies on the radial
plane. However, for some geometries, it may have an offset zc from
the radial plane. In such cases, the coordinate systemwill be shifted
in the z-direction by zc so that the offset will be zero; that is, in the
shifted system, the variable z will be changed to z� zc. For
simplicity, zc was suppressed in some of our derivations. However,
in the final result z has been replaced by z� zc.

In the toroidal coordinate system, the following relations can be
derived with the help of the diagram shown in Fig. 2

d1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ aÞ2 þ ðz� zcÞ2

q
(6)

d2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr� aÞ2 þ ðz� zcÞ2

q
(7)

cos s¼ d21 þ d22 � 4a2

2d1d2
(8)

sin s¼2aðz� zcÞ
d1d2

(9)

where a is radius of the trapping circle and zc is height of the
trapping circle from the radial plane.

The governing equation for the potential in toroidal ion trap is
the Laplace equation V2J ¼ 0. In toroidal coordinate system this
equation is given by Refs. [40,41]

sinh t
v

vs

�
1

cosh t� cos s
vJ
vs

�
þ v

vt

�
sinh t

cosh t� cos s
vJ
vt

�

þ 1
sinh tðcosh t� cos sÞ

v2J
v42 ¼0

(10)

For toroidal ion traps, the potential J is axially symmetric, that
is it is independent of 4. Separable solutions of the axially sym-
metric Laplace equation that are suitable for toroidal traps are given
by Refs. [40,41]

Tnðs; tÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh t� cos s

p
cosðnsÞQn�1

2
ðcosh tÞ (11)

Unðs; tÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosh t� cos s

p
sinðnsÞQn�1

2
ðcosh tÞ (12)

where n is a non negative integer and Qn�1
2
ðcosh tÞ is associated

Legendre function. These functions, Tn and Un, are called the
toroidal harmonics [16,19].

The potential in an arbitrary toroidal ion trap mass analyser can
be described as linear combination of toroidal harmonics as
follows:

J¼ a0T0 þ
X
n¼1

∞
½anTn þ bnUn� (13)

where an and bn are the toroidal multipole coefficients [19].
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3.2. Three-term recurrence relations for toroidal harmonics

A method to obtain the power series expansion of arbitrary
toroidal harmonics is presented here.

It is observed that if W is an axially symmetric solution to the
Laplace equation then vW

vz and
�
r v
vrþz v

vz

�
W are also axially sym-

metric solutions to the Laplace equation. A brief discussion on how
these observations are obtained is given in Appendix A.1. This was
used as a means for generating new solutions from existing solu-
tions. Each toroidal harmonic is a solution to the axially symmetric
Laplace equation; on applying the operators v

vz and
�
r v
vrþz v

vz

�
on it,

these also have to be solutions, and they should be some linear
combination of toroidal harmonics.

Using the above properties the following novel relations are
obtained. An outline of derivations of these relations is presented in
Appendix A. These relations will be used to obtain the expansions
of all higher order harmonics from the expansion of simplest har-
monic T0.

vT0
vz

¼ � 1
2a

U1 (14)

�
r
v

vr
þ z

v

vz

�
T0 ¼ � 1

2
ðT0 þ T1Þ (15)

�
r
v

vr
þ z

v

vz

�
Tn ¼

n� 1
2

2
Tn�1 �

Tn
2

� nþ 1
2

2
Tnþ1 (16)

�
r
v

vr
þ z

v

vz

�
Un ¼

n� 1
2

2
Un�1 �

Un

2
� nþ 1

2
2

Unþ1 (17)

where Tn and Un are toroidal harmonics of order n. It should be
noted that these quantities (T0, Tn and Un) denote the toroidal
harmonics and not just specific parts such as the Legendre
functions.

Fig. 3 shows the trapping circle for an arbitrary trap without
showing the trap electrodes. In this diagram, a indicates radius of
the trapping circle, zc is the trapping height from the radial plane
Fig. 3. Depiction of the radial distance r� a and axial distance z� zc of an arbitrary
point P from the trapping center. These distances are normalized as u ¼ r�a

2a and v ¼ z�zc
2a

to obtain the power series of toroidal harmonics in a convenient form.
and P is an arbitrary point in the trapping region. Also, the radial
and axial distances of P from the trapping circle are indicated by r�
a and z� zc. In terms of these distances, the variation of the field in
the toroidal trap is not well understood. A simple power series
expansion of potential in terms of these distances will give a better
understanding of the fields. The power series expansion of poten-
tial is obtained by substitution of the power series of individual
toroidal harmonics in the multipole expansion. The power series
expansions of toroidal harmonics are computed in terms of these
distances. In order to obtain the power series of the toroidal har-
monics in convenient form, normalized distances from the trapping
center as defined by

u¼ r� a
2a

; (18)

v¼ z� zc
2a

; (19)

were used.
The axially symmetric Laplace equation in terms of variables u

and v for axially symmetric problems is given by

vj

vu
þu

 
v2j

vu2
þ v2j

vv2

!
þ1
2

 
v2j

vu2
þ v2j

vv2

!
¼0 (20)

The derivative operators v
vz and r v

vr þ z v
vz with normalized dis-

tances take the following form:

v

vz
¼ 1
2a

v

vv
(21)

r
v

vr
þ z

v

vz
¼ 1

2
v

vu
þ u

v

vu
þ v

v

vv
(22)

Using these relations, the equations from Eqs. (14)e(17) will
take the following from:

vT0
vv

¼ � U1 (23)

�
1
2

v

vu
þu

v

vu
þ v

v

vv

�
T0 ¼ � 1

2
ðT0 þ T1Þ (24)

�
1
2

v

vu
þu

v

vu
þ v

v

vv

�
Tn ¼

n� 1
2

2
Tn�1 �

Tn
2

� nþ 1
2

2
Tnþ1 (25)

�
1
2

v

vu
þu

v

vu
þ v

v

vv

�
Un ¼

n� 1
2

2
Un�1 �

Un

2
� nþ 1

2
2

Unþ1 (26)

For easy referencing, Eq. (23) is called as “ U1 Eq”, Eq. (24) is
called as “ T1 Eq”, Eq. (25) is called as “ Tn Eq” and Eq. (26) is called
as “ Un Eq”.

Using Eqs (23)e(26), it is possible to obtain the power series for
all toroidal harmonics starting with the power series for T0.
3.3. Power series expansion for the lowest order toroidal harmonic
T0

The toroidal harmonic T0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cosht� coss

p
Q�1

2
ðcoshtÞ can be

written in terms of the complete elliptic integral of the first kind
[5,42]. The simplification of T0 in terms of the elliptic integral takes

the form T0 ¼
ffiffiffi
2

p
2a
d1
K
�
d2
d1

�
[5,42]. The expressions for d1 and d2

can be simplified in terms of normalized distances to obtain
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d1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2uþ u2 þ v2

p
and d2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

p
. Using these expres-

sions, T0 is further simplified to

T0 ¼
ffiffiffi
2

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2uþ u2 þ v2

p K

0
@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ v2

1þ 2uþ u2 þ v2

s 1
A (27)

The power series expansion of the complete elliptic integral of
first kind, KðkÞ, is known [42]. In principle, it is possible to obtain
the power series of T0 bymultiplying the power series of the elliptic
integral with the power series expansion of the radical.

However, a more efficient method has been developed in this
study to compute the power series of T0. In this method, the power
series is obtained using recurrence relations between its
coefficients.

Let the power series of a solution of the axially symmetric
Laplace equation be

jðu; vÞ¼
X
m¼0

∞ X
n¼0

∞
Cm;numvn: (28)

Substituting jðu; vÞ from Eq. (28) in Eq. (20) and equating co-
efficients of umvn to zero will give the following recurrence
relations.

C2;n ¼ �ðnþ 1Þðnþ 2Þ
2

C0;nþ2 � C1;n (29)

Cm�1;nþ2þ
1
2
Cm;nþ2¼ � ðmþ1Þ2

ðnþ1Þðnþ2Þ
�
Cmþ1;nþ

mþ2
2ðmþ1ÞCmþ2;n

�
;

form > 2

(30)

These recurrence relations for the coefficients of the power se-
ries are valid not only for T0, but also for any other toroidal
harmonic.

In order to obtain the power series for T0, its C0;n and C1;n values
are required for n ¼ 0;1;2;…. To obtain the C0;n values we note that

T0ð0; vÞ¼
ffiffiffi
2

p ðp2
0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v2 sin2 q

q dq¼
X
n¼0

∞
C0;nv

n

Expanding the integrand using the binomial theorem and
integrating individual terms yields

C0;n ¼

8>>>>>><
>>>>>>:

pffiffiffi
2

p

0
BBB@

�1
2

n
2

1
CCCA 1

2
3
4
…

n� 1
n

for n even

0 for n odd

(31)

Similarly, the values of C1;n can be obtained as

vT0ðu; vÞ
vu

����
u¼0

¼ �
ffiffiffi
2

p ðp2
0

1�
1þ v2cos2q

	3
2

dq¼
X
n¼0

∞
C1;nv

n

Expanding the integrand using the binomial theorem and
integrating individual terms yields
C1;n ¼

8>>>>>><
>>>>>>:

� pffiffiffi
2

p

0
BBB@

�3
2

n
2

1
CCCA 1

2
3
4
…

n� 1
n

for n even

0 for n odd

(32)

It is to be noted that from Eq. (31) and Eq. (32) the relation
C1;n ¼ �ðnþ1ÞC0;n holds. Using this relation C1;n can be computed
from C0;n.

Once C0;n and C1;n are known C2;n can be computed using
recurrence relation given in Eq. (29). C0;n, C1;n and C2;n are used as
the starting values in the recurrence relation Eq. (30) to obtain Cm;n.
Thus the power series of T0 can be obtained as:

T0 ¼
pffiffiffi
2

p
�
1�uþ5

4
u2�1

4
v2�7

4
u3þ3

4
uv2þ169

64
u4�51

32
u2v2þ 9

64
v4

�269
64

u5þ95
32

u3v2�45
64

uv4þ…

�
(33)
3.4. Power series expansion of toroidal harmonics T1 through T5
and U1 through U5

From “ T1 Eq” shown in Eq. (24), T1 ¼ � T0 � 2

1
2

v
vu þ u v

vu þ
v v
vv

�
T0. A substitution of the T0 series in this gives T1 series as

follows:

T1 ¼
pffiffiffi
2

p
�
1
2
u�u2þ1

2
v2þ27

16
u3�33

16
uv2�11

4
u4þ87

16
u2v2� 9

16
v4

þ575
128

u5�755
64

u3v2þ435
128

uv4þ…

�
(34)

From the expansions of T0 and T1, the series of T2 onwards can
be obtained using “ Tn Eq” shown in Eq. (25). The expansion of Tnþ1
is obtained from the series of Tn and Tn�1. Thus, the expansions of
T2, T3, T4 and T5 are given as follows:

T2 ¼ pffiffiffi
2

p
�
3
8
u2 � 3

8
v2 � 9

8
u3 þ 21

8
uv2 þ 77

32
u4 � 153

16
u2v2 þ 37

32
v4

�145
32

u5 þ 415
16

u3v2 � 285
32

uv4 þ…

�
(35)

T3 ¼
pffiffiffi
2

p
�
5
16

u3 �15
16

uv2 �5
4
u4 þ105

16
u2v2 �15

16
v4 þ835

256
u5

�3295
128

u3v2 þ2655
256

uv4 þ…

� (36)

T4 ¼
pffiffiffi
2

p
�
35
128

u4 �105
64

u2v2 þ 35
128

v4 �175
128

u5

þ805
64

u3v2 �735
128

uv4 þ…

� (37)

T5 ¼
pffiffiffi
2

p
�
63
256

u5 �315
128

u3v2 þ315
256

uv4 þ…

�
(38)

It is to be noted that while Eq. (13) does not include U0 term it
can be formally considered to be zero as can be seen by substitution
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of n ¼ 0 in Eq. (12) gives U0 ¼ 0.
The series of U1 is obtained using “ U1 Eq” given in Eq. (23). In

this relation the series of T0 shown in Eq. (33) is substituted to
obtain the following:

U1 ¼ pffiffiffi
2

p
�
1
2
v� 3

2
uvþ 51

16
u2v� 9

16
v3 � 95

16
u3vþ 45

16
uv3

þ1335
128

u4v� 555
64

u2v3 þ 75
128

v5 þ…

� (39)

From the expressions of U0 and U1, now the series of U2 onwards
Jðr;4; zÞ ¼ a00 þ a10uþ a01vþ a20u
2 þ a11uvþ a02v

2 þ a30u
3 þ a21u

2v

þa12uv
2 þ a03v

3 þ a40u
4 þ a31u

3vþ a22u
2v2 þ a13uv

3 þ a04v
4 þ…

(44)
can be obtained using “ Un Eq” shown in Eq. (26). The expansion of
Unþ1 is obtained from the series of Un and Un�1. Thus, the expan-
sions of U2, U3, U4 and U5 are given as follows:

U2 ¼
pffiffiffi
2

p
�
3
4
uv�3u2vþ3

4
v3 þ125

16
u3v� 85

16
uv3 � 135

8
u4v

þ 335
16

u2v3 �25
16

v5 þ…

� (40)

U3 ¼
pffiffiffi
2

p
�
15
16

u2v� 5
16

v3 �75
16

u3vþ65
16

uv3 þ3705
256

u4v

� 2945
128

u2v3 þ485
256

v5 þ…

� (41)

U4 ¼
pffiffiffi
2

p
�
35
32

u3v�35
32

uv3 �105
16

u4vþ385
32

u2v3 �35
32

v5 þ…

�
(42)

U5 ¼
pffiffiffi
2

p
�
315
256

u4v�315
128

u2v3 þ 63
256

v5 þ…

�
(43)

Thus the series of every toroidal harmonic can be obtained from
the series T0 and the relations given in Eqs (23)e(26). In order to
obtain the expansion of T1 from T0, “ T1 Eq” is used. Once the
expansion of T1 is acquired, the expansion of T2 can be obtained
using “ Tn Eq”. Proceeding this way, the expansion of Tn can be
obtained using “ Tn Eq” from the expansions of Tn�2 and Tn�1. The
expansion of U1 can be obtained from the expansion of T0 using “U1
Eq”. The expansion of U2 can be obtained from U0 ¼ 0 and
expansion of U1 using “ Un Eq”. In this way, the expansion of Un can
be obtained using “ Un Eq” from the expansions of Un�2 and Un�1.
Thus, the expansions of all harmonics can be obtained using
expansion of T0 alone.

Using the arbitrary precision facility provided by the Java plat-
form, a program was developed for obtaining the power series
expansions for any toroidal harmonic (Tn or Un) up to the desired
number of terms.

The expansions presented in this paper were also verified with
Mathematica till the fourth degree for T0, T1, T2, T3, T4, U1, U2, U3,
and U4.

It was observed that the leading degree terms (lowest degree
terms) in the power series expansions of Tn and Un are real and
imaginary parts of pffiffiffi

2
p 1

2
3
4

5
6…

2n�1
2n ðuþ ivÞn respectively.
3.5. Power series expansion for describing the potential inside a
toroidal ion trap

The power series expansion of the potentialJ shown in Eq. (13)
for an arbitrary toroidal trap is presented in this section. It is ob-
tained from the power series of toroidal harmonics Tn and Un in
that equation.

SinceJ in Eq. (13) is a linear combination of toroidal harmonics
and each of the individual toroidal harmonics can be expressed as a
power series, J too can be expressed as power series. J can be
expressed as
where aij ’s are given by a00 ¼ pffiffiffi
2

p a0, a10 ¼ pffiffiffi
2

p �2a0þa1
2 , a01 ¼ pffiffiffi

2
p b1

2 ,
a20 ¼ pffiffiffi

2
p 10a0�8a1þ3a2

8 , a11 ¼ pffiffiffi
2

p 3
4b2, a02 ¼ � a20, … a13 ¼ pffiffiffi

2
p 5

32 ð�
34b2 þ 26b3 � 7b4Þ, …
3.6. Equations of ion motion in the toroidal ion trap

The equations of ion motion in an arbitrary toroidal ion trap is
derived using fourth degree polynomial approximation to the po-
tential as discussed in Section 3.5.

The time-varying potential in the toroidal ion trap is given in
terms of J shown in Eq. (44), by:

Fðr;4; z; tÞ¼
�
Udc þVrf cosðUtÞ



Jðr;4; zÞ (45)

where Udc is the d.c. potential, Vrf is the r.f. potential and U is
angular frequency of the r.f. drive.

The time-varying electric field along the r-direction is vFðr;4;z;tÞ
vr

and it is given by:

Er ¼ 1
2a

�
Udc þ Vrf cosðUtÞ


�
2a20uþ a11vþ 3a30u

2 þ 2a21uv

þa12v
2 þ 4a40u

3 þ 3a31u
2vþ 2a22uv

2 þ a13v
3
i

(46)

Once Er is obtained the x-direction field can be obtained using
Ex ¼ Er cos 4 and the y-direction field using Ey ¼ Er sin 4, where 4

is the angle between the x-axis and the line ON as shown in Fig. 2.
Similarly the z-direction field is vFðr;4;z;tÞ

vz and it is given by:

Ez ¼ 1
2a

�
Udc þ Vrf cosðUtÞ


�
a11uþ 2a02vþ a21u

2 þ 2a12uv

þ3a03v
2 þ a31u

3 þ 2a22u
2vþ 3a13uv

2 þ 4a04v
3
i

(47)

Thus the equations of ion motion in the Cartesian coordinate
system are given by:

m
d2x
dt2

¼ � eEx (48)



Fig. 4. Schematic view of CircRodTorTrap30. (a) Three dimensional view and (b) cross section in rz-plane [5].
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m
d2y
dt2

¼ � eEy (49)

m
d2z
dt2

¼ � eEz (50)

where m is mass of the ion and e is charge of the ion.

4. Results and discussions

In this section, the verification of the theory developed in this
paper will be carried out using an arbitrary toroidal ion trap ge-
ometry. Two simulations will be presented. First of these is the
potential within the trapping region predicted by the power series.
Second is the trajectory of an ion inside the trap. Both these sim-
ulations will be compared with corresponding results obtained
using the BEM.

4.1. Geometry and geometry parameters of the trap considered for
verification

The geometry considered is CircRodTorTrap30 [5].3 Schematic
view of this trap is shown in Fig. 4. Fig. 4(a) shows the three
dimensional view of the trap. Its cross-section in the rz-plane is
shown in Fig. 4(b). This trap is made up of four electrodes of
different diameters. This geometry was formed such that the line
joining the centers of ring electrodes on the rz-plane subtends 30+

with the radial plane and the line joining the centers of endcap
electrodes is perpendicular to the line joining the centers of ring
electrodes. In this diagram the label R0 refers to the distance from
the origin to the mid-point between ring electrodes on the r-axis, b
indicates half-distance between the centers of the ring electrodes,
and d is diameter of the rods. The values of R0, b and d are taken to
be 40 mm, 20 mm, and 20 mm respectively.

CircRodTorTrap30 was chosen for verification on account of its
lack of top-bottom symmetry.

4.2. Coefficients of the power series

To obtain potentials within the trap using the power series
developed in this study, it is necessary to first evaluate the
3 There was an error in reporting the dimensions of the trap shown in Fig. 4
(CircRodTorTrap30) in Ref. [5].The dimensions that were actually used in those
simulations are those that are used in the present study.
coefficients, aij, of the power series. This section presents the values
of these coefficients which have been obtained for
CircRodTorTrap30.

To compute the values of aij, the trapping point ða; zcÞ in the
rz-plane and its toroidal multipole coefficients are required. These
are computed using the method outlined in Section 2.4.

The radius of its trapping circle, a, was computed as
39.544313 mm and the trapping height from the radial plane, zc,
was computed to be �0.00329 mm. The non zero value of zc is due
to the stronger effect of the outer ring electrode on the trapping
potential than the inner ring [5].

Having obtained the trapping circle, the toroidal multipole co-
efficients are next computed. This was done by the method out-
lined in Section 2.4. The values computed for the coefficients a0, a1,
a2, a3, a4, b2, b3, and b4 are given in Table 1.

Once the multipole coefficients have been computed these can
be used for obtaining the values of the coefficients of the power
series. The computed values for a20 , a11, a30, a21, a12, a03, a40, a31,
a22, a13, and a04are given in Table 2.

4.3. Comparison of potential obtained using the power series with
those obtained using the BEM

In this section potential obtained from the power series will be
compared with the potential computed using the BEM. This is done
along the radial axis for CircRodTorTrap30 shown in Fig. 4.

Fig. 5(a) compares the potential obtained using power series
with the potential computed using the BEM. In this plot on x-axis
radial distance and on y-axis potential are shown. The potential
computed using the BEM is plotted as a black continuous line. The
potential obtained from the power series (Eq. (44)) with quadratic,
cubic, fourth order and fifth order terms have also been plotted
using dots. Since the curves overlap, the errors are plotted in
Fig. 5(b).

Fig. 5(b) compares the error in the potential due to power series
approximation in CircRodTorTrap30. In this plot, x-axis indicates
radial distance. y-axis plots the error in potential. This error refers
to the difference between the potential computed using the BEM
and the potential obtained from the power series (Eq. (44)). The
error due to quadratic, cubic, fourth order and fifth order power
series approximation are shown. It can be seen from the figure that
the error due to quadratic approximation is small in the range
37 mm and 42 mm, and it is only outside this range the magnitude
of the error starts growing. The error due to cubic, fourth order and
fifth order approximation are small in the wider range 35 mm and
45 mm.

In summary, the power series provides good approximation to



Table 1
Toroidal multipole coefficients for the trap CircRodTorTrap30.

a0 a1 a2 a3 a4 b2 b3 b4

�0.000721 �0.001442 18.592466 53.108670 91.386469 32.216382 91.642007 179.554871

Table 2
Values of aij for trap CircRodTorTrap30. All values are dimensionless.

aij j ¼ 0 j ¼ 1 j ¼ 2 j ¼ 3 j ¼ 4

i ¼ 0 �0.001602 0 �15.489479 �9.942817 �7.336626
i ¼ 1 0 53.675106 �2.180838 10.569577
i ¼ 2 15.489479 �23.846654 46.200596
i ¼ 3 �9.599373 41.111596
i ¼ 4 7.425907

Fig. 5. (a) Comparison of potential obtained from power series with the BEM in radial
direction and (b) error in radial direction potential due to power series approximation.
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the potential inside the trap.
4.4. Comparison of trajectory obtained using the power series with
those obtained using the BEM

In this section trajectory obtained from the power series is
compared with the trajectory computed using the BEM.
In the computations of trajectory, the frequency of the r.f. drive
is taken as 1 MHz. The r.f. potential was taken to be 805.2953 V0�p,
corresponding to a qz value which was fixed at 0.5 (see Section 2.5).
The d.c. potential was kept at zero. The mass to charge ratio of the
ion is considered as 78 Th. The step size used in the numerical
computation of the trajectory is 10 ns. The comparison of the tra-
jectories was done for 0.1 m s. Initially, the ion was kept on the
trapping circle in the xz-plane with velocity in the x-direction as
500m s�1, and in the z-direction as 500m s�1. The initial velocity in
the y-directionwas kept at 0m s�1, by choice, to restrict the motion
to the xz-plane only.

Fig. 6 compares the trajectories obtained by the BEM with those
obtained by the power series. The trajectories obtained from the
power series are the numerical solutions of the differential equa-
tions Eqs. (48)e(50). Also, errors in the trajectories are shown in the
same figure. In these figures, time is shown on the x-axis and
amplitude on the y-axis.

Fig. 6(a) and (b) compare the amplitudes of ion motion in the x
and z direction respectively. It can be seen from the figure that the
match between the BEM trajectory and the power series trajectory
is good.

Fig. 6(c) and (d) are error plots for the x and z direction ampli-
tudes, respectively. For the x-direction, the error is initially 0 mm
and it grows with time. Finally, it reaches its maximum
0.00028 mm around 0.98 m s. For the y-direction, the error is
initially 0 mm and it grows with time. Finally, it reaches its
maximum 0.000125 mm around 0.095 m s. However, these errors
are small in comparison with the amplitude of ion motion.

In summary the power series provides a good approximation for
computing trajectories inside toroidal ion trap.

In this study a comparison of potential and ion trajectory ob-
tained from power series with the BEM simulations has been car-
ried out for one toroidal trap. However, several other geometries
have also been tested. In these geometries too the potential and
trajectory predicted by power series have been compared with
those obtained from the BEM. These geometries include one
studied by Church [7], two studied by Lammert et al. [1], and one by
Taylor and Austin [8]. Additionally, a random geometry proposed in
Ref. [5] has also been investigated. In all these five geometries the
prediction of the power series for the potential and trajectory had a
goodmatch with that obtained by the BEM. The results of these five
geometries are not included in this paper for the sake of brevity.
4.5. Use of power series for predicting trap performance: nonlinear
resonance at qz ¼ 0:78 in CircRodTorTrap0

Multipole expansions have been used in point trapping devices
to provided insight into different aspects of trap performance.
These have been briefly alluded to in the Introduction. With the
successful implementation of power series for describing potential
in toroidal ion traps as presented in this paper, in these traps too the
power series can be used to provide useful insight into the dy-
namics of ions. As an example, the nonlinear resonance at qz ¼ 0:78
[20] in CircRodTorTrap0 (Fig. 7) [5] has been taken up for
investigation.

Three dimensional view of CircRodTorTrap0 is shown in
Fig. 7(a). Cross-sectional view in rz-plane with trap parameters is
shown in Fig. 7(b). The values of parameters R0, d and b are taken to



Fig. 6. Comparison of ion trajectories obtained using the BEM simulations (BEM) and power series (Approximate) for CircRodTorTrap30. (a) x-direction trajectory, (c) error in x-
direction trajectory, (b) z-direction trajectory and (d) error in z-direction trajectory.

Fig. 7. Schematic view of CircRodTorTrap0. (a) Three dimensional view and (b) cross section in rz-plane [5].
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be 40 mm, 20 mm, and 20 mm respectively.
In order to check if the theory developed in this paper is capable

of predicting the qz ¼ 0:78 nonlinear resonance, the following
method is used. Using the toroidal multipoles, the coefficients in
the power series are first determined. If the coefficients have
nonzero cubic terms then the trap will have nonlinear resonance at
qz ¼ 0:78. Next the applied potentials are computed using the
quadratic term to ensure qz ¼ 0:78 (see Section 2.5). Using this
potential and the computed coefficients the trajectory of ion mo-
tion are computed. These trajectories are compared with the
trajectories obtained using the BEM under the same conditions.
When both trajectories display unstablemotion it can be concluded
that the power series developed in this paper is capable of pre-
dicting nonlinear resonance at qz ¼ 0:78.

In the computation of trajectory, the frequency of the r.f. drive is
taken as 1 MHz. The mass to charge ratio of the ion is taken to be 78
Th. The r.f. potential was computed to be 1256.2389 V0�p, corre-
sponding to qz ¼ 0:78 (see Section 2.5). The d.c. potential was kept
at zero. The step size used in the numerical computation of the
trajectory is 10 ns. The comparison of the trajectory was done for



Fig. 8. Comparison of ion trajectories obtained using the BEM simulations (BEM) and power series (Approximate) for CircRodTorTrap0. (a) Radial motion and (b) error in radial
motion.
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40 ms. The initial position of ion is 1 mm away from the trapping
circle along the radial direction and velocity is taken to be zero.

Fig. 8 compares radial direction trajectory obtained by the BEM
with that obtained by the power series. Also, error in the trajectory
is shown in the same figure. In this figure, time is shown on the x-
axis and amplitude on the y-axis.

Fig. 8(a) shows comparison of amplitude in the radial motion of
the ion. The match between approximate solution obtained using
power series and the BEM solution is seen to be good. Also, it can be
seen that the amplitude of ion motion growswith time. The growth
in amplitude of ion motion is captured very well by the power
series too.

Fig. 8(b) shows error in the amplitude of ion motion in radial
direction. It can be seen from the figure that although the error
grows with time, it is still small in comparison to the amplitude of
ion motion.

5. Concluding remarks

In this paper, a power series expansion for toroidal harmonics in
terms of the radial and axial distances from the trapping circle has
been developed. In order to obtain the power series expansion of
the individual toroidal harmonics, three-term recurrence relations
involving toroidal harmonics of order n� 1, n, nþ 1 and derivative
of toroidal harmonic of order n were obtained. Using these three-
term recurrence relations a systematic procedure (in Section 3.4)
to obtain the power series of any toroidal harmonic Tn or Un from
the expansion of the lowest harmonic T0 was presented. This pro-
cedure was implemented in the Java platform to obtain expansions
of a toroidal harmonic of arbitrary order up to the desired number
of terms in the expansion.

To verify the theory developed in this paper, a comparison of
potential and ion trajectory obtained from power series with the
BEM simulations has been made for one toroidal trap. The agree-
ment between the two is seen to be very good.

Although not discussed here, the three-term recurrence re-
lations derived for toroidal harmonics in this paper are equally valid
for toroidal harmonics which have a singularity on the reference
circle. The mathematical expressions for such harmonics are ob-
tained by replacing Qn�1

2
ðcoshtÞ with Pn�1

2
ðcoshtÞ in Eqs. (11) and

(12). Such harmonics are used in modelling of fields due to mag-
netic coils [43] and gravitational fields [44].

Finally, the utility of power series to predict trap performance
has been demonstrated by the study of the qz ¼ 0:78 nonlinear
resonance. In a similar way, the power series could also be used to
study ion dynamics in the vicinity of the trapping circle of toroidal
ion traps.
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Appendix A. Recurrence relations for the toroidal harmonics

Appendix A.1. Generation of new solutions from existing ones for
the axially symmetric Laplace equation

Two ways of creating new axially symmetric solutions of the
Laplace equation from an existing axially symmetric solution are
presented here.

It is to be noted that the potential Wðr; zÞ in the cylindrical co-
ordinate system due to an axially symmetric ion trap satisfies the
Laplace equation as given below:

v2W
vr2

þ1
r

vW
vr

þ v2W
vz2

¼ 0 (A.1)

If Wðr; zÞ is a solution of A.1 then Wðr; zþhÞ will also be a so-
lution for any constant h. The linear combination Wðr;zþhÞ�Wðr;zÞ

h is
also a solution to A.1. As h approaches zero, this quantity ap-
proaches vW

vz , which is a new a solution to A.1. Thus it is possible to
create a new solution of the axially symmetric Laplace equation
(A.1) by simple partial differentiation with respect to z.

It can be shown easily that if Wðr; zÞ is a solution to axially
symmetric Laplace equation given in A.1, then Wðkr; kzÞ is also
solution for constant values of k. Also, the linear combination
Wðkr;kzÞ�Wðr;zÞ

k�1 is solution. In this considering k ¼ 1þ ε (ε is very
small number) and taking the limit as ε approaches zero, this is also
solution to axially symmetric Laplace equation and is given by
r vW

vr þ z vW
vz . From this, it can be concluded that the application of

r v
vr þ z v

vz to an existing solution of axially symmetric Laplace
equation gives newer solutions.

To summarize, both the v
vz operator and the r v

vr þ z v
vz operator

create new axially symmetric solutions of Laplace equation from an
existing axially symmetric solutions.

https://doi.org/10.1016/j.ijms.2019.116261
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Appendix A.2. Recurrence relations

Since each toroidal harmonic is a solution to the axially sym-
metric solution Laplace equation, by applying the operators v

vz or�
r v
vrþz v

vz

�
a new axially symmetric solution to the Laplace equa-

tion is obtained. This new solution is a linear combination of the
toroidal harmonics. It turns out that each new solution is
expressible as a linear combination of no more than three toroidal
harmonics.

Using the steps which are presented in the Supplementary
Material, the following novel recurrence relations are obtained.

vT0
vz

¼ � 1
2a

U1 (A.2)

�
r
v

vr
þ z

v

vz

�
T0 ¼ � 1

2
ðT0 þ T1Þ (A.3)

vTn
vz

¼ � n� 1
2

2a
Un�1 þ

n
a
Un �

nþ 1
2

2a
Unþ1 (A.4)

�
r
v

vr
þ z

v

vz

�
Tn ¼

n� 1
2

2
Tn�1 �

Tn
2

� nþ 1
2

2
Tnþ1 (A.5)

vUn

vz
¼n� 1

2
2a

Tn�1 �
n
a
Tn þ

nþ 1
2

2a
Tnþ1 (A.6)

�
r
v

vr
þ z

v

vz

�
Un ¼

n� 1
2

2
Un�1 �

Un

2
� nþ 1

2
2

Unþ1 (A.7)
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